Problem with a solution proposed by Arkady Alt , San Jose , California, USA
Let a,b > 0. Prove that for any x,y holds inequality
lacosx + bcosyl < ,/az +b? +2abcos(x +y)
and find when equality occurs.
Solution.
Indeed, lacosx + beosyl < Jaz +b% +2abcos(x +y) <

(acosx +bcosy)? < a® + b2+ 2abcos(x +y) <=

a®cos?x + b? cos?y + 2abcosxcosy < a’ + b? + 2abcos(x + y) <

0 < a?sin’x + b?sin?y + 2ab(cos(x + y) — cosxcosy) <

0 < (asinx — bsiny)>.

Equality occurs iff asinx — bsiny = 0 < asinx = bsiny. Let ¢ := x + y,then
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sinx +siny = - + 5 = bc + ca < sinx = kbc,siny = kca and

siny = sin(@ —x) < siny = sin@ cosx — cos@ sinx <
kca = singy1 — k2b2c? — kbccosgp < (kca + kbccos@)? = sinp — k2b%c?sin’p <

k*c?a® + k*b?c? cos?g + 2abc? cos ¢ = sin’g — k*b*c?sin’p <

2
k2c?(a* + b? + 2abcos @) = sin’p < k? = S ¢ )
¢ “ ¢) = sin'g c%(a® + b? + 2abcos @)
2 ¢in2 2
Hence, cos’x = 1 - k*b*c* = 1 - — b2 S = 2(a+2bcosgp)
a®+ b* + 2abcos ¢ a®+ b +2abcos e

(b+acosg0)2
a’>+b?+2abcosg

2 2
(a+bcosg) < 1and (b+acos)
a’® +b? + 2abcos ¢ a’ +b? +2abcos ¢

and cos’y = 1 —k*c?a’* =

(Obviously that

).



